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ON DEFINING AW*-ALGEBRAS AND RICKART C*-ALGEBRAS
KAZUYUKI SAITOˆ AND J.D. MAITLAND WRIGHT
Abstract. Let A be a C*-algebra. It is shown that A is an AW*-algebra if,
and only if, each maximal abelian self–adjoint subalgebra of A is monotone
complete. An analogous result is proved for Rickart C*-algebras; a C*-algebra
is a Rickart C*-algebra if, and only if, it is unital and each maximal abelian
self–adjoint subalgebra of A is monotone σ−complete.
1. AW*-algebras
In this note A will be a C*-algebra which is assumed to have a unit element
(unless we state otherwise). Let ProjA be the set of all projections in A. Let Asa
be the self-adjoint part of A. We recall that the positive cone A+ = {zz∗ : z ∈ A}
induces a partial ordering on A. Since each projection is in A+, it follows that the
partial ordering of Asa induces a partial ordering on ProjA.
Let us recall that a C*-algebra B is monotone complete if each norm bounded,
upward directed set in Bsa has a supremum in Bsa. Then, by considering approxi-
mate units, it can be shown that B always has a unit element. (Another possible
definition is: each upper bounded, upward directed set in Bsa has a supremum in
Bsa. For unital algebras these are equivalent but for non-unital algebras they are
not the same.)
Kaplansky introduced AW*-algebras as an algebraic generalisation of von Neu-
mann algebras [17].
Definition 1.1. The algebra A is an AW*-algebra if (i) each maximal abelian self–
adjoint subalgebra is (norm) generated by its projections and (ii) each family of
orthogonal projections has a least upper bound in ProjA.
When A is an AW*-algebra it can be proved that each maximal abelian ∗−subalgebra
of A is monotone complete and A is unital.
It has been asserted by Wright [29] and Pedersen [19] that, conversely, if each
m.a.s.a. in A is monotone complete then A is an AW*-algebra. It was recently
pointed out to one of us that no proof of this statement has ever been published;
furthermore a straightforward approach does not work. Also some have expressed
doubt as to the truth of this assertion. So in this note we repair this omission.
By taking the ”correct” definition of monotone complete we can get rid of the
assumption that A has a unit.
Recent work by Hamhalter [9], Heunen and others, see [12, 15, 18] investigate
to what extent the abelian *-subalgebras of a C*-algebra determine its structure.
Also a number of interesting new results on AW*-algebras have been discovered;
for example Hamhalter [8]; Heunen and Reyes [13] and [14]. So this seems a good
moment to justify the assertion. But we should have written this up many years
2010 Mathematics Subject Classification. Primary46L99,37B99.
1
2 KAZUYUKI SAITOˆ AND J.D. MAITLAND WRIGHT
ago. We can only plead, ”The carelessness of youth is followed by the regrets of old
age”.
The following result is elementary. But since it clarifies the partial ordering of
Proj(A), we include a proof.
Lemma 1.2. Let p and q be projections. Then p ≤ q if and only if p = qp.
Furthermore p ≤ q implies that p and q commute.
Proof. Let p ≤ q then
(1− q)p(1 − q) ≤ (1− q)q(1− q) = 0.
Put z = (1 − q)p and observe that ||z||2 = ||zz∗|| = 0. So p = qp. Since p is
self-adjoint, qp = (qp)∗ = pq. That is p and q commute.
Conversely, suppose p = qp. By self-adjointness, qp = pq.
We have (q − p)2 = q − qp− pq + p = q − p. Since q − p is a projection, it is in
A+. So q ≥ p. 
Lemma 1.3. Let A be a (unital) C*-algebra. Let every maximal abelian ∗-subalgebra
of A be monotone complete. Let P be a family of commuting projections. Let L be
the set of all projections in A which are lower bounds for P . Then (i) L is upward
directed and (ii) P has a greatest lower bound.
Proof. (i) Let p and q be in L. Then each c ∈ P commutes with both p and q
and hence with p + q. So P ∪ {p + q} is a set of commuting elements. This set
is contained in a m.a.s.a. M1. By spectral theory, ((
p+q
2 )
1/n)(n = 1, 2...) is a
monotone increasing sequence whose least upper bound in M1 is a projection f .
By operator monotonicity [19] , for each positive integer n, and a, b in Asa,
0 ≤ a ≤ b ≤ 1 implies a1/n ≤ b1/n.
For any c in P , c ≥ p and c ≥ q. So c ≥ p+q2 .
So
c = c1/n ≥
(
p+ q
2
)1/n
.
Hence c ≥ f . Thus f ∈ L.
Also
f ≥
p+ q
2
≥
1
2
p.
So
0 = (1 − f)f((1− f) ≥
1
2
(1− f)p(1− f) ≥ 0.
Using ||zz∗|| = ||z||2 we find that 0 = (1 − f)p. Thus f ≥ p. Similarly, f ≥ q. So
L is upward directed.
(ii) Let C be an increasing chain in L. Then C ∪ P is a commuting family of
projections. This can be embedded in a m.a.s.a. M2. Let e be the least upper
bound of C in M2. Clearly 1 ≥ e ≥ 0.
To see that e is a projection we argue as follows. Since e1/2 is an upper bound
for C, e1/2 ≥ e. So, by spectral theory, e ≥ e2. Since e commutes with each element
of C, by spectral theory, e2 is also an upper bound for C, so e2 ≥ e. It follows that
e2 = e.
For each p ∈ P , p ≥ e. So e ∈ L. So every chain in L is upper bounded. So, by
Zorn’s Lemma, L has a maximal element. Since L is upward directed, a maximal
element is a greatest element. In other words, P has a greatest lower bound in
Proj(A). 
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Proposition 1.4. Let A be a (unital) C*-algebra. Let every maximal abelian self-
adjoint ∗-subalgebra of A be monotone complete. Then A is an AW*-algebra.
Proof. Let {eλ}λ∈Λ be a family of orthogonal projections. Let P = {1−eλ : λ ∈ Λ}.
Since this is a commuting family of projections, it has a greatest lower bound f in
Proj(A). Hence 1 − f is the least upper bound of {eλ}λ∈Λ in Proj(A). Then, by
Definition 1.1, A is an AW*-algebra. 
Theorem 1.5. Let A be a C*-algebra which is not assumed to be unital. Let each
m.a.s.a. be monotone complete. Then A is a (unital) AW*-algebra.
Proof. All we need to do is show that A has a unit element. Then we can apply
Proposition 1.4.
Given any x ∈ Asa, there is a m.a.s.a. M which contains x. Then the unit of
M is a projection p such that px = x = xp. For any projection q, with p ≤ q,
qx = qpx = px = x. Taking adjoints, xq = x.
Arguing as in Lemma 1.3(ii), Proj(A) has a maximal element e. Arguing as
in Lemma 1.3(i), Proj(A) is upward directed and so e is a largest projection. In
particular, p ≤ e. So ex = x = xe. 
No one has ever seen an AW*-algebra which is not monotone complete. Are
all AW*-algebras monotone complete? This is a difficult problem but Christensen
and Pedersen made an impressive attack. They showed that every properly infinite
AW*-algebra is monotone sequentially complete [5]. In view of Theorem 1.5, this
problem could be reformulated as: if every m.a.s.a of a C*-algebra A is monotone
complete is A also monotone complete?
The following technical lemma will be needed later. It is usually applied with
P = ProjB or with P = Bsa.
Lemma 1.6. Let B be a unital C*-algebra and let M be a m.a.s.a. in B. Let P
be a subset of Bsa such that uPu
∗ = P whenever u is a unitary in B. Let Q be a
subset of P ∩Msa which has a least upper bound q in P . Then q is in M .
Proof. Let u be any unitary in M . Then for any x in Q,
uqu∗ ≥ uxu∗ = x.
Then uqu∗ is in P and is an upper bound for Q. So uqu∗ ≥ q. Similarly u∗qu ≥ q,
that is q ≥ uqu∗. Thus uqu∗ = q. So q commutes with each unitary in M . But
each element ofM is a linear combination of at most four unitaries. So q commutes
with each element of M . Hence, by maximality, q ∈M . 
Let A be an AW*-algebra and let B be a C*-subalgebra of A where B contains
the unit of A. Then B is an AW*-subalgebra of A if (i) B is an AW*-algebra and (ii)
whenever {eλ : λ ∈ Λ} is a set of orthogonal projections in B then its supremum in
ProjB is the same as its supremum in ProjA. By Lemma 1 in [21], or see Exercise
27A of Section 4 page 27 and page 277 in [4], if B is an AW*-subalgebra of A and
Q is an upward directed set in ProjB then the supremum of Q in ProjB is the
same as it is in ProjA.
In any C*-algebra, each abelian C*-subalgebra is contained in a m.a.s.a.
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Proposition 1.7. Let A be an AW*-algebra. Let B be a C*-subalgebra of A where
B contains the unit of A. Suppose that whenever N is a m.a.s.a. in B, M is
a m.a.s.a. in A and N ⊂ M then N is monotone closed in M . Then B is an
AW*-subalgebra of A. The converse is also true.
Proof. Let N1 be a m.a.s.a. in B then it is a subalgebra of some m.a.s.a. M1 of A.
Then M1 is monotone complete because A is an AW*-algebra. By hypothesis N1
is a monotone closed subalgebra of M1. So N1 is monotone complete. Hence B is
an AW*-algebra.
Let C be a set of commuting projections in B such that C is upward directed.
Let p be the supremum of C in ProjA.
Let N2 be a m.a.s.a. of B which contains C. Let u be any unitary in N2. Then,
for any c ∈ C,
upu∗ ≥ c.
So the projection upu∗ is an upper bound for C in ProjA. Thus upu∗ ≥ p.
On replacing u by u∗, we find that u∗pu ≥ p. So p ≥ upu∗. Thus p = upu∗. So
pu = up. Since each element of N2 is the linear combination of four unitaries in
N2, it follows that p commutes with each element of N2. So N2 ∪ {p} is contained
in a m.a.s.a. M2 of A.
Let q be the supremum of C in M2. By spectral theory, q is a projection. Since
p is the supremum of C in ProjA, q ≥ p. But p ∈ M2. So q = p. By hypothesis
N2 is a monotone closed subalgebra of M2. So p ∈ N2 ⊂ B. So p is the supremum
of C in ProjB.
Now take {eλ : λ ∈ Λ} to be a set of orthogonal projections in B. Let C =
{
∑
λ∈F eλ : F a finite, non-empty subset of Λ}. It follows from the argument above
that B is an AW*-subalgebra of A
Conversely suppose that B is an AW*-subalgebra of A. Take any m.a.s.a N in
B and any m.a.s.a M in A with N ⊂M . We shall show that N is monotone closed
in M .
Let (aα) be any norm bounded increasing net in Nsa such that aα ↑ b in Msa.
We shall show b ∈ N . Suppose that ‖aα‖ ≤ k for all α. Since N is monotone
complete, there exists a ∈ Nsa such that aα ↑ a in Nsa. Clearly b ≤ a. Suppose
that a− b 6= 0. By spectral theory, there exist a non-zero projection p in M and a
positive real number ε such that εp ≤ (a− b)p. Since aα ↑ a in Nsa, by Lemma 1.1
in [26], there exists an orthogonal family (eγ) of projections in N with supγ eγ = 1
in Proj(N) and a family {α(γ)} such that ‖(a − aα)eγ‖ ≤
ε
4 for all α ≥ α(γ) for
each γ.
Since B is AW*, ProjB is a complete lattice. So (eγ) has a least upper bound
e in ProjB. By Lemma 1.6, e ∈ N . But supγ eγ = 1 in Proj(N). So e = 1.
Thus supγ eγ = 1 in ProjB. Since B is an AW*-subalgebra of A, it follows that
supγ eγ = 1 in ProjA.
Then
εp ≤ (a− b)p ≤ (a− aα(γ))eγp+ (a− aα(γ))p(1 − eγ) ≤
ε
4
p+ 2k(1− eγ),
that is, εp ≤ ε4p+ 2k(1− eγ) for all γ. So
peγ ≤ 0.
Thus 1 − p ≥ eγ for all γ. So, in ProjA, 1 − p ≥ 1. Thus p = 0. This is a
contradiction. So b = a ∈ N . 
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2. Rickart C*-algebras
For the purposes of this note a C*-algebra B is monotone σ−complete if each
norm bounded, monotone increasing sequence in Bsa has a supremum in Bsa. In
general B need not be unital.
Rickart C*-algebras are related to monotone σ−complete algebras in a similar
way to that of AW*-algebras to monotone complete algebras. In particular every
unital monotone σ−complete algebra is well known to be a Rickart C*-algebra; see
Corollary 2.6. The converse is suspected to be true but this is a hard problem.
However Christensen and Pedersen [5] showed this to be true for properly infinite
Rickart C*-algebras. Ara and Goldstein [3] showed that all Rickart C*-algebras are
σ−normal which seems a significant step on the way to showing they are monotone
σ−complete. See also [23]. Other important results on Rickart C*-algebras can
be found in [1] and [2]; [10]; [11]; [6]. In [11], Handelman makes use of embed-
ding in regular σ−completions [27]. We remark that normal AW*-algebras were
investigated in [28], [24], [7] and [22].
Let A be a unital C*-algebra such that each m.a.s.a. is monotone σ−complete.
Call such an algebra pseudo-Rickart. In [25] we obtained a result for such algebras
and, without a shred of justification, called them ”Rickart”. So a natural question
is : is every pseudo-Rickart C*-algebra also a Rickart C*-algebra? On the one
hand, some have stated that a positive answer would be useful for applications to
quantum theory [16]. On the other hand, others have expressed scepticism.
By modifying the techniques of Section 1, we shall show that the answer is
positive.
Definition 2.1. A C*-algebra B is Rickart if, for each a ∈ B there is a projection
p such that
{z ∈ B : az = 0} = pB.
Lemma 2.2. Each Rickart C*-algebra has a unit.
Proof. In the definition put a = 0. Then B = pB for some projection p. So given
any a ∈ B, there exists b, such that a = pb. Since p is a projection, pa = p2b =
pb = a. Also ap = (pa∗)∗ = a∗∗ = a. 
Lemma 2.3. Let B be a C*-algebra, which need not have a unit. Let e ∈ Proj(B)
and x ∈ B. Then x∗xe = 0 if, and only if, xe = 0.
Proof. If x∗xe = 0 then ||ex∗xe|| = 0. So ||xe||2 = 0. Hence xe = 0. The converse
is obvious. 
Lemma 2.4. Let A be a unital C*-algebra such that each m.a.s.a. is monotone
σ−complete. Let x ∈ A and let
P = {e ∈ Proj(A) : xe = 0}.
Then P has a largest element.
Proof. It suffices to prove this when ||x|| ≤ 1 because, for any strictly positive real
number ρ, P is the set of projections (left) annihilated by ρx. First we show that
P is upward directed. Let p, q be in P . Then
x∗x(p+ q) = 0 = (p+ q)x∗x.
6 KAZUYUKI SAITOˆ AND J.D. MAITLAND WRIGHT
Let M1 be a m.a.s.a. containing x
∗x and (p+ q). By spectral theory, the sequence
((p+q2 )
1/n)(n = 1, 2...) is monotone increasing with supremum e inM1. Furthermore
e is a projection and x∗xe = 0. So e ∈ P . Also
e ≥
1
2
(p+ q).
Arguing as in Lemma 1.2(i), it follows that e ≥ p and e ≥ q.
Now we show that P has a maximal element. Let C be an increasing chain in
P . Then C ∪ {x∗x} is contained in some m.a.s.a. M2. Then, arguing as before,
((x∗x)
1/n
)(n = 1, 2...)
is a monotone increasing sequence with a supremum p inM2, where p is a projection
and pc = 0 for each c ∈ C. Also
p ≥ x∗x ≥ 0.
So (1− p)x∗x(1 − p) = 0. Hence x(1− p) = 0. So 1− p ∈ P .
For any c ∈ C, (1 − p)c = c. So C has an upper bound, 1 − p, in P . It now
follows from Zorn’s Lemma that P has a maximal element f . Since P is upward
directed it follows that f is larger than every other projection in P . 
Theorem 2.5. Let A be a unital C*-algebra such that each m.a.s.a. is monotone
σ−complete. Then A is a Rickart C*-algebra.
Proof. Let x ∈ A and let K = {z ∈ A : xz = 0}. Let P be the set of all projections
in K. By Lemma 2.4, P has a largest element f .
Fix z ∈ K. We shall show that z = fz. It suffices to prove this when ||z|| ≤ 1.
Since x∗xzz∗ = 0, it follows that x∗x and zz∗ are contained in some m.a.s.a. M3.
The monotone increasing sequence ((zz∗)1/n)(n = 1, 2...) has supremum q in M3,
where q is a projection. Also x∗xq = 0 and q ≥ zz∗. By Lemma 2.3, q ∈ P . So
f ≥ q ≥ zz∗ ≥ 0.
Then
0 = (1− f)f(1− f) ≥ (1 − f)zz∗(1− f) ≥ 0.
Since ||(1− f)z||2 = ||(1− f)zz∗(1− f)||, it follows that z = fz. So K ⊂ fA. Since
f ∈ K we also have fA ⊂ K. Thus K = fA. 
Corollary 2.6. Let A be a Rickart C*-algebra and let x ∈ A. There is a smallest
projection q such that x = xq. Furthermore xz = 0 if, and only if, qz = 0.
Proof. Since A is Rickart, the algebra is unital and each m.a.s.a. is monotone
σ−complete. Let P be as in Lemma 2.4. Let Q = {1 − p : p ∈ P}. Then Q
is the set of all projections p for which x = xp. Since f is the largest projection
in P , 1 − f is the smallest projection in Q. Furthermore, xz = 0 if, and only if,
z = fz. That is, if and only if (1− f)z = 0. So putting q = 1− f gives the required
projection. 
Corollary 2.7. Let A be a unital C*-algebra which is monotone σ−complete. Then
A is a Rickart C*-algebra.
Proof. Let M be any m.a.s.a. in A. Let (an) be a norm-bounded monotone in-
creasing sequence in M , with least upper bound a in Asa. By Lemma 1.6, a ∈M .
So M is monotone σ-complete. By Theorem 2.5, A is a Rickart C*-algebra. 
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Example 2.8. LetB(R) be the C*-algebra of all bounded complex valued functions
on R. Let A be the subalgebra of all functions f such that {x : f(x) 6= 0} is
countable. Then A is a monotone σ-complete C∗-algebra without unit. So A
cannot be a Rickart C∗-algebra. But, since A is abelian, the only maximal abelian
∗-subalgebra is A, itself, which is monotone σ-complete.
The above example shows that in Theorem 2.5 the hypothesis that A is unital is
essential. However we shall tidy up some loose ends in the next section by obtaining
results for non-unital algebras .
3. Weakly Rickart C*-algebras
Our aim here is to show that each m.a.s.a. of a C*-algebra A is monotone σ-
complete if, and only if, A is a weakly Rickart C*-algebra. In [4] (see Section 4
Theorem 1) it is shown that a unital weakly Rickart C*-algebra is a Rickart C*-
algebra (and conversely). So the situation for unital C*-algebras has already been
dealt with in Section 2. So here we shall suppose that A is a C*-algebra with no
unit. Let us adjoin a unit to form A1. Then A is a maximal ideal of A1 and every
element of A1 can be written, uniquely, as x+ λ1 where x ∈ A and λ ∈ C.
Since weakly Rickart C*-algebras may be slightly less familiar than Rickart C*-
algebras, we give a brief account of some elementary results we need. The standard
reference is [4].
Definition 3.1. [4] Let x be in a C*-algebra A. A projection e ∈ A is an annihi-
lating right projection ( abbreviated as ARP according to [4]) for x if xe = x and,
whenever y ∈ A satisfies xy = 0, then ey = 0.
Since [4] is the standard reference on Rickart C*-algebras, we use his terminology.
But ”right support projection for x ” is an alternative name (for ARP) which we
find more intuitive.
Definition 3.2. A C*-algebraA is weakly Rickart if each x ∈ A has an annihilating
right projection e ∈ A.
Lemma 3.3. Let M be any maximal abelian ∗-subalgebra of A1. Then M ∩A is a
maximal abelian ∗-subalgebra of A and M = M ∩ A + C1. Conversely, if M0 is a
maximal abelian ∗-subalgebra of A and M = M0+C1 then M is a maximal abelian
∗-subalgebra of A1.
Proof. Let x ∈ A such that x commutes with each element of M ∩ A. Take any
y ∈M . Since y = a+ λ1 for some a ∈ A and λ ∈ C, we have a = y − λ1 ∈ M ∩ A
and so xa = ax. Hence yx = xy. So x commutes with every element of M . Since
M is a m.a.s.a. in A1 it follows that x ∈ M ∩ A. So A ∩M is a maximal abelian
∗-subalgebra of A. Clearly M = A ∩M + C1.
Now suppose M0 is a m.a.s.a. in A. Let a ∈ A such that a+ λ1 commutes with
each element of M . Then a commutes with each element of M0 and so a ∈M0. So
M is a m.a.s.a. in A1. 
Lemma 3.4. Let B be a C*-algebra (which may or may not be unital). Let x ∈ B
have an ARP p. Then this projection is unique. Let M0 be any m.a.s.a. of B which
contains x then p ∈M0.
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Proof. Let f be an ARP of x. Then x(p − f) = 0. So p(p− f) = 0. Then p = pf .
On taking adjoints, p = fp. Similarly, f = fp. So p = f . Let u be a unitary in
M = M0 + C. So
xupu∗ = uxpu∗ = uxu∗ = x.
Suppose xy = 0. Then xu∗y = u∗xy = 0. So pu∗y = 0. Hence upu∗ is an ARP
for x. So p = upu∗. So p commutes with each unitary in M and hence with each
element of M . But M is a m.a.s.a. in B1. So p ∈M . Since p ∈ B, it follows that
p ∈ B ∩M = M0. 
Lemma 3.5. Let A be a weakly Rickart C∗-algebra. Then each m.a.s.a. in A is
monotone σ-complete.
Proof. First we observe that A1 is a Rickart C∗-algebra (see [B]). So each m.a.s.a.
in A1 is monotone σ-complete. LetM0 be a m.a.s.a. in A. PutM =M0+C1. Then
by Lemma 3.3 M is a m.a.s.a. in A1. So M is monotone σ−complete. Let (an)
be a norm bounded increasing sequence in M0. Without loss of generality we may
suppose that each an is positive and norm bounded by 1. Since M is monotone
σ-complete, there exists a ∈ Msa such that an ↑ a in M . We shall show that
a ∈M0. Let en be the ARP of an in A for each n, that is, anen = an and eny = 0
when any = 0. By Lemma 3.4, en ∈M0. Let x =
∑
n≥1
1
2n en. Then x ∈M0 Let p
be the ARP of x in A. Then p ∈M0 by Lemma 3.4. Then x = xp ≤ ||x||p ≤ p. So
1
2n en ≤ p. Hence (1 − p)en = 0. It follows that
an ≤ en ≤ p.
So p ≥ a ≥ 0. Since p is in M0 which is an ideal of M , it follows that a ∈M0. 
Lemma 3.6. Let A be a non-unital C*-algebra such that each maximal abelian
∗-subalgebra of A is monotone σ-complete. Then A1 is a Rickart C*-algebra.
Proof. Let M be any maximal abelian ∗-subalgebra of A1. We shall show that M
is monotone σ-complete.
By Lemma 2.7, M ∩ A is a maximal abelian ∗-subalgebra of A and so, it is
monotone σ-complete. We claim that M = (M ∩ A) + C1, is also monotone σ-
complete.
Let (an) be any norm bounded monotone increasing sequence in Msa. Then,
for each n, we have an = bn + λn1 with bn ∈ M ∩ A and λn ∈ R. Since A is a
closed two-sided ideal of A1, (λn) is a bounded increasing sequence in R. Hence
there exists λ0 ∈ R such that λn ↑ λ0. Since M ∩A is monotone σ-complete, there
exists a projection p in M ∩ A such that bnp = pbn = bn for all n. Then we have
pan = anp ∈ A ∩M for each n. Since A ∩M is monotone σ-complete and (anp)
is a norm bounded increasing sequence in (A ∩M)sa, there exists a b ∈ (A ∩M)sa
such that anp ↑ b in (A ∩M)sa with bp = pb = b.
Since an(1 − p) = λn(1 − p) ↑ λ0(1 − p) in Msa, we have an ≤ b + λ0(1 − p) =
a(∈M) for all n. Take any x ∈Msa with an ≤ x for all n. Then we have anp ≤ xp
for all n and an(1 − p) = λn(1 − p) ≤ x(1 − p) for all n. So ap = bp ≤ xp and
λ0(1 − p) ≤ b(1− p). So we have a ≤ x, that is, an ↑ a in Msa. So M is monotone
σ-complete. It now follows from Theorem 2.5 that A1 is a Rickart C∗-algebra. 
Is the converse of Lemma 3.6 true? The following commutative example shows
that it is false.
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Example 3.7. Let ℓ∞ be the monotone σ−complete C∗-algebra of all bounded
complex sequences over N. (By Theorem 2.5, ℓ∞ is Rickart.) The spectrum βN
of ℓ∞ is the Stone-Cˇech compactification of N. Let ω be in βN but not in N.
Let A = {f ∈ ℓ∞ : f(ω) = 0}. Then A is a non-unital C∗-algebra which is
also a maximal closed ideal of ℓ∞ and A1 = ℓ∞. For each n, define en ∈ ℓ
∞ by
en = χ{1,2,··· ,n}. Clearly en ∈ Proj(A) and (en) is a norm bounded increasing
sequence in Asa. Suppose A is monotone σ−complete. Then (en) has a least upper
bound e in A. Then e ∈ ℓ∞. Clearly e(n) ≥ 1 for each n. So e ≥ 1 which implies
that e(ω) 6= 0. This is a contradiction.
Theorem 3.8. Let A be a non-unital C∗-algebra. Then A is a weakly Rickart
C∗-algebra if, and only if, each maximal abelian ∗-subalgebra of A is monotone
σ-complete.
Proof. Lemma 3.5 gives the implication in one direction. So we now assume that
each m.a.s.a. in A is monotone σ−complete and wish to prove that A is weakly
Rickart. It suffices to consider x ∈ A with ||x|| ≤ 1 and show that x has an
annihilating right projection in A.
By Lemma 3.6, A1 is a Rickart algebra. So for some projection e ∈ A1
{z ∈ A1 : xz = 0} = (1− e)A1.
Thus e is the ARP for x in A1. By Corollary 2.6, e is the smallest projection in
Q = {q ∈ ProjA1 : x = xq}.
We have x∗x(1 − e) = 0. So there is a m.a.s.a. M in A1 which contains e and
x∗x. By Lemma 3.3, M ∩A is a m.a.s.a. in A and so monotone σ−complete. Then
((x∗x)1/n) is a monotone increasing sequence in M ∩A with supremum q in M ∩A.
By spectral theory q is a projection. Also q ≥ x∗x. So
0 = (1 − q)q(1− q) ≥ (1 − q)x∗x(1− q) ≥ 0.
Hence x(1 − q) = 0. So q ∈ Q. Thus e ≤ q. So e = eq. Since A is an ideal and q is
in A, it now follows that e is in A. So x has an annihilating right projection in A.
Hence A is a weakly Rickart C*-algebra. 
It is a pleasure to thank Dr. A.J. Lindenhovius, whose perceptive questions
triggered this paper.
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